In this paper, a sliding mode controller is designed for systems with multiple state delays and submitted to additive pertubations. The conditions for the existence of the sliding regime are studied by using Liapunov-Krasovskii functionals. Upperbound of the delays are obtained by solving a convex minimisation problem expressed in terms of LMIs.
Introduction
Time delay commonly occurs in many dynamical systems and, even in a linear models, is a source of instability and poor performances (see [16] ). For the last decade, many researchers have paid attention to the robust stabilization of time delay systems and have proposed several criteria: for linear models with parameter uncertainties, see [20] (Liapunov-Krasovski approach leading to LMIs) and [8] -Chapter 10 (comparison approach). The resulting control laws are of continuous, often memoryless, feedback type (see [8] for surveys).
The results concerning robustness with respect to external disturbances rely on either À ½ design (see [15] and references therein) (also leading to Riccati equations and LMIs) or generalizations of the structural approaches, such as disturbance decoupling using models over rings (see [6] and references therein).
The sliding mode control approach [19] , based on the use of discontinuous control laws (relays), is known to be an efficient alternative way to tackle many challenging problems of robust stabilization. For instance, an appropriate sliding mode strategy can achieve stabilization by "dominating" nonlinear terms and additive disturbances, provided some appropriate "matching conditions" hold. However, the combination of delay phenomenon with relay actuators makes the situation much more complex: designing a sliding controller without taking delays into account may lead to unstable or chaotic behaviors or, at least, results in highly chattering behaviors [7] . Even if the general framework of differential inclusions has been proposed in this case [11] , the concrete, control results are not so numerous [1, 2, 5, 7, 9, 10, 12, 14, 17, 18] . In [5, 17] , as here, results are considering delayed state variables, but the results are independent of the delay value (and, consequently, may be more conservative than delay-dependent results).
In all theses references except the recent work by Choi [5] , the optimization of the designing the sliding manifold was not specified. This paper was extending a previous one [4] to the delayed case, using LMIs in the optimization procedure. Nevertheless, this paper only focused on independent-of-delay criteria, that may be too conservative for concrete situations, and considered a single delay.
The aim of the present paper is to design the sliding surface in such a way that it maximizes the calculable set of admissible delays (here, "admissible" means those that don't destabilize the closed-loop, relay-delay system). We consider uncertain systems with single or multiple state-delays and additive perturbations (possibly nonvanishing), and use LMIs in the optimization procedure.
The paper is organized as follows : after some notations, Section III is devoted to preliminary results (transformation of the original system into regular form). Then in Section IV, a sliding mode controller is developped by means of an LMI approach. The reduced system is proven to be asymptotically stable for any delay such that MAX , where MAX is solution of a convex optimization problem. Section V generalizes the results to multiple delays and, lastly, Section VI provides an illustrative example.
Notations
In the first part of this paper, the following system with constant delay ¼ will be considered:
The following notations are used: Ü ¾ IR Ò ; and constant Å denotes the orthogonal complement of Å .
We will use the following assumptions:
½µ The pair´ · µ is controllable.
¾µ The perturbation is bounded as follows:
where © is a known function of Ü Ø´ µ Ü´Ø µ for ¾ ¼ ¿µ is full-rank: Ö Ò ´ µ Ñ
Preliminary results
The following result (see [3] p. 33).will be used further in the proof of Theorem 3.
Lemma 1 The inequality
is equivalent to
where ¾ IR .
The aim of the next result is to transform the original system into a special form, appropriate for sliding mode control (classically called regular form) [13] . Let us choose the following sliding surface
and define a nonsingular transformation
where 
Lemma 2 The original system (1) is equivalent to
where
The proof is decomposed into two subproblems: firstly, prove the attractivity of the surface in finite time; secondly, prove the asymptotic stability of the reduced system (on the surface).
Attractivity of the surface Theorem 4
Under assumptions´ ½µ ´ ¾µ the control (9) makes the surface ×´Üµ ¼ stable and globally attractive in finite time.
Proof. Let choose the functional
Î´Øµ × Ì´Ü µ×´Üµ (12) Its derivative along the trajectories of (8) with (9) is
This last inequality is known to prove the asymptotic convergence of the system (8) towards the surface in finite time.
Asymptotic stability of the reduced system
The reduced system is governed by the following differential equation: 
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We can conclude that if there are È Éthree positive definite matrices and £ a positive real such that Å ¼ then the reduced system is asymptotically stable for all delays ¼ £ . Nevertheless, choosing the parameters´È É µ so to optimize the upperbound £ can be very hard. In the following, we propose to use a more particular form of (20) , taking È É ´ Ì µ ½ By this way, the optimization problem will be transformed into a convex one: indeed, by post-and pre-multiplying Å by È ½ (which is a positive definite matrix), the inequality Å ¼
By using, the Schur's complement, this inequality is equivalent to
where ¾ IR This last inequality is a LMI in and and can be solved efficiently by convex optimization programs.
Systems with multiple delays
We consider now the more general system with constant delays
are constant Ò ¢ Ò matrices, the other notations remain unchanged. The assumption´ ¾µ will be transformed into: 
Proof. The scheme is as for the proof of Theorem 1: it is decomposed into two subproblems. The first one is to steer the system onto the manifold ×´Üµ ¼ in finite time For this purpose, we prove that the derivative of the functional Î´Ü´Øµµ × Ì´Ü µ×´Üµ along the trajectories of (29) with control (30) satisfies Î´Ü´Øµµ Ñ ½ Ô Î´Øµ. The second problem is the asymptotic stability of the reduced system, which can be shown by using a Liapunov-Krasovskii functional similar to Theorem 3.
Example
Consider the following example:
Note that the system is not i.o.d. stable: the results by Choi [5] cannot be applied. By using semidefinite programming, we find that the system (32) with control is asymptotically stable for all delays ¼ ¾. The sliding gain is Ë ¼ ¼ ¿ ¼ ¾ . Using a 1rst order integration scheme of step 0.01, the simulation leads to Fig. 1 .
Conclusion
The contribution of this paper lays on the design of a sliding mode controller for systems with state delay (possibly multiple). It extends the method of ( [5] ) to the case of a delaydependent stabilization. The surface coefficients are is expressed as a solution of a LMI problem which allows easy computations. To this end, remark that the sliding mode strategy is (17), (3) with ¼ ¿ straightforward, easy to implement and of reduced complexity since the stabilization problem has been reduced to two subproblems of lower dimensions. An illustrative, nontrivial example has been provided.
